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ElectrothermaMnstability in the Seeded Combustion Gas
Boundary Layer near Cold Electrodes

Ken Okazaki,* Yasuo Mori,f Kunio Hijikata,J and Kazutomo Ohtake§
Tokyo Institute of Technology, Tokyo, Japan

A transition of discharge mode from diffuse to constricted or arc mode in the laminar boundary layer of the
seeded combustion gas over a coid anode is analyzed by use of a linear stability theory on temperature and
electrical fields. Cases of an externally applied eiectric field are investigated. For the basic steady distribution of
unperturbed physical quantities in the boundary layer, an exact solution is used that is obtained as a result of
analysis made around the anode by use of a three-fluid model. It is proven that when the parameter, expressed
by the ratio of Joule heat to conductive heat of gas, exceeds a certain critical value, the diffuse mode discharge
shows instability and that a transition of discharge mode to arc mode can occur as a result of electrothermal
instability for small perturbations of gas temperature, electron temperature, current density, and electron
number density. This type of instability is tightly connected with the extremely low electrical conductivity region
near the cold electrode and the lower wall temperature brings about this instability more easily. It is also proven
from a study for three kinds of surface boundary conditions of different physical situations that the instability is
controlled by use of electrodes of higher thermal conductivity but lower electrical conductivity.

Nomenclature

Cp = specific heat at constant pressure
E = electric field vector
e = electron charge
hp = Planck's constant
/ •= current density vector
Jo = current density under the steady condition
k = Boltzmann's constant
me - electron mass
n = number density
P = pressure
Pr - Prandtl number
Qex = collision cross section for momentum exchange

between electron and species X
q = amplification factor
Scf =Schmidt number of ion
T = gas temperature
Te = electron temperature
t =time
u = mass average velocity vector [u = (u, v, w) ]
X = mole fraction
xfy,z = rectangular coordinates
a. = wave number
otef ax = recombination coefficients
6 = characteristic thickness of low electrical con-

ductivity region
6X = electron energy loss factor of species X
e = permittivity of free space
e/ = ionization energy
X = thermal conductivity
pe, \LI = mobilities of electron and ion
v = kinematic viscosity

•Vex = averaged collision frequency between electron and
species X

p - mass density
a = electrical conductivity
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Subscripts
cr = critical value
e - electron
/ = ion
K = potassium atom
s = Sana equilibrium value
H> = wall or surface condition
X - species X, except ion and electron
oo = main flow condition
Superscript
( ) = nondimensional amplitude of perturbed quantity

I. Introduction

I N practical use of an open-cycle MHD power generation
using a seeded combustion gas, the decrease of electrode

lifetime caused by erosion due to local current concentration
is one of the most serious problems to be solved. When
electric current flows through the boundary layer of low
electrical conductivity near the cold electrode, the discharge
mode near the electrode changes with increasing current
density.1 When the current density is sufficiently small, the
current flows almost uniformly into the electrode surface
(diffuse mode), but when the current density becomes larger,
many micro-arc spots are generated on the electrode surface
where most of the current flows through these arcs of smaller
cross sections (constricted mode). With further increase of
current density, several arcs of large diameter (giant arcs)
appear to carry most of the current. These arcs lead to ex-
cessive erosion of the electrode. The higher critical current
density for this transition of discharge mode is expected for
the hotter electrode. However, electrode materials of high
thermal-shock resistance and anticorrosive properties have
not been developed as yet for successfully long operation, but
cold or semihot electrodes are currently considered to be the
most promising candidates. Therefore, it will be very im-
portant to improve the electrode life by clarifying the physical
process of transition from a diffuse discharge mode to a
constricted arc mode near the cold electrode.

There have been many studies about arcs on electrodes of
MHD generators,2"7 but because of the complicated
phenomena involved, some investigations have adopted
rather unreasonable assumptions or conditions for their
analyses. Dicks et al.2 treat generation of arc spots by taking
into consideration the interaction between the electrode
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material and plasma in the extremely thin layer (about the
Debye length) from the electrode surface. Hsu4 and Oliver5-6

discuss generation of current constriction in the plasma near
the electrode by considering the energy balance for quantities
perturbed from the diffuse mode. However, the quantities are
assumed to be constant in the thickness proposed, which is
ambiguously determined. Some have analyzed the condition
for establishing current constriction mode, but few have
discussed theoretically the generation of discharge instability.
Oliver6 states Hall effect to be one of the main causes in
generating the instability, and Kon et aL7 seemingly consider
the effect of a magnetic field in a simplified model. But, in
general, as the transition of discharge mode near the cold
electrode could be characterized by the existence of a low-
electrical-conductivity layer, most of the studies so far have
investigated the case without a magnetic field.

Our present study discusses the problem theoretically by
applying the linear stability theory with respect to small
perturbations from the diffuse mode, on the assumption that
generation of arc spots would result from transition of
discharge mode from a uniform discharge to a constricted
discharge due to electrothermal instabilities caused by an
interaction of the temperature and electrical fields around the
cold electrode. In a seeded combustion gas, when the elec-
trode surface is cold and the current density is not too small,
electron number density is reported not to be in Saha
equilibrium for the gas temperature.8 So, as a distribution of
physical quantities under the steady condition in the boundary
layer, an exact solution analyzed by use of a three-fluid model
around the cold anode8 is adopted. In this paper, the case of a
laminar boundary layer over a flat-plate anode without a
magnetic field is studied, and the case with a magnetic field
will be reported elsewhere. An investigation of the critical
condition of discharge stability Is made by use of fundamental
equations for perturbed fields, taking into account electron
thermal and ionization nonequilibria, charge separation near
the wall, and variation of physical properties of electrode
materials.

!!. Fundamental Equations and Boundary Conditions

A. General Equations
The field analyzed is shown in Fig. i, together with the

rectangular coordinate system, where x Is the distance from
the leading edge in the flow direction, y is the distance from
the plate surface perpendicular to it, and thez axis is normal
to the x andy axes. A laminar boundary layer is established
on a cold flat-plate electrode, and it is assumed that there is a
current flow by an external electric field between the main
flow and the electrode. In the main flow, velocity, gas tem-
perature, and pressure are assumed constant along the flow
direction. The magnetic Reynolds number is sufficiently small
and, for simplicity, density p, viscosity /*, thermal con-
ductivity X of the fluid, and electron and ion mobilities fie, .ji/
are assumed constant. In this case, overall continuity and
momentum equations are the conventional conservation
equations in three dimensions. Other fundamental equations
in the flow and electrical fields without magnetic field are
described by use of a three-fluid model, taking charge
separation into account as follows.8

Electron continuity equation:

dn<> 3

Overall energy equation:

ot

Fig. 1 Coordinate system.

J-EpCp

C ombustion Gas Row Ua> Joo

(1)

Electron energy equation:

Current conservation equation:

V - / = - — (eV-E)
ot

Maxwell's equation:

Ohm's law:

V xE=0

(2)

(3)

(4)

(5)

(6)

In Eq. (3), because of the low electron number density, the
fairly large electric field in the cold zone of the boundary layer
near the electrode, and the extremely large electron energy
loss factor associated with the electron/heavy-particle
collision in the combustion gas, a dominant mechanism in the
electron energy exchange is considered to be the local energy
balance between the energy gained from the electric field and
the energy loss by inelastic collisions with heavy particles. The
terms including V -E result from charge separation by using
Poisson's equation. In Ohm's law [Eq. (6)], the contribution
of the ion flux is neglected. The electron diffusion term is also
neglected because it is made certain8 that the electron dif-
fusion flux is an order-of-magnitude smaller than the drift
flux for / = 10 A/rn2, and that the contribution of the electron
diffusion flux gets much smaller for higher current densities.
This simplified expression of Ohm's law is used only to give
V •£ terms.

The bulk gas velocity, gas temperature, electron number
density, and electron temperature for steady flow are ob-
tained by solving the boundary-layer equations around the
flat plate, and the following well-known transformation is
adopted to simplify fundamental equations:

£=x, •n=y\lu0./2vx' (7)

Local similarity is assumed to be a good approximation for
the solution of the steady condition. For perturbation, if one
assumes a standing plain wave solution with the wave number
vector in the z direction, the forms of solutions of steady and
perturbed components for fundamental equations just
described can be expressed as

(8)

V= -

Electrode (Anode)

(9)

(10)

(11)

(12)

(13)
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Jy=J0[l +jy (14)

(15)

(16)

Here, a prime ( ' ) denotes differentiation with respect to ?? and
q is assumed real. In each of the preceding equations,
assuming the perturbation term is much smaller than the
steady term and substituting Eqs. (8-16) into fundamental
equations, the equations for the basic and steady unperturbed
field are obtained as follows:

(17)

(18)

(19)

ie=F,ne+F2jy+F3t

(l/Pr)0" +JB' ^-

(20)

where

H= J2o

J2o

fp> ft* fe>

AI= e*u2n°3 * A2 = ~S^3 R=^u~

Here, &<, is a recombination coefficient, the third body of
which is an electron, and ax is a recombination coefficient,
the third body of which is a heavy particle X. 8

Because it is difficult to treat the beginning of discharge
instability in a general manner, the following type of nearly
two-dimensional original perturbations are considered in this
analysis,

(21)

(22)

(23)

The conditions of q>0 and ^<0 correspond to unstable
and stable conditions, respectively. The condition of # = 0
corresponds to neutral stability and an analysis for the neutral
stability is made in the following by putting # = G. Then,
putting P = 2£a, y2 = (2v£/u00)a2

J equations for the per-
turbed field are obtained as follows by linearizing the fun-
damental equations:

u" +fu' + (j\f* — y2)u+f" v + ripf =0 (25)

p'=0 (26)

w"+fw'-y2w-pp = 0 (27)

' v +2PrHjy - (PrH/t) ne = Q
(28)

(29)

+Prft' -

Jy~(

Equation (30) is written, in derivative form, as

i/
e=F1nf

e+(F4-F1F7)ne^F2jt
y + (F5-F2F7)jy

+ F3t' + (F6-F3F7)t

where

(30)

(31)

(32)

(33)

e2

D7=-(t'/0)A2/D0

and

F0 = ( f ' / X j ^ ) (36e-6), F,

F2=2GB/F0, F3

F5=2G8'/F0,

<ff e -8) /F0

f' +D6t+D7t'e+Dgte = 0

S=axoo/ae

The perturbation equations [Eqs. (24-32)] constitute a
closed set of equations for nine unknown quantities (u, u, w,
P> t, ie> fyt fz, and ne). However, Eqs. (24-27) are not coupled
to Eqs. (28-32) because of the no-magnetic-field assumption
and are themselves closed. Therefore, when the set of Eqs.
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(24-32) is regarded as making up an eigenvalue problem of the
wave number and the ratio of Joule heat to conductive heat
described below, Eqs. (24-27) cannot have any nontrivial
solution and u and v should be taken to be zero. Then only the
eigenvalue problems for Eqs. (28-32) has to be solved, letting
u and v be zero. Thus, Eqs. (28-32) are rearranged as the
following equations for ne, fy, and t:

/?;+ Wi'n'e + W2ne + W3j'y + Wjy + W5tf + W6t = 0 (34)

f" +Prff' -y2f-(l/f2)h2ne+(2/n'k2jy = 0 (36)

where

Wj =DI + D7Fi> W2 =D2 ^D7F4^D8F1 -D7FIF7

W3=D3 + D7F2, W4=D4+ D7F5 + D8F2 - D7F2F7

W5=D5+D7F3, W6 = D6+D7F6+D8F3-D7F3F7

and

h2 = (2v£/u00)(Ji/\awTQ,) (37)

y2=(2v£/u(X)a2 (38)

In Eq. (37), h2 is a ratio of Joule heat to conductive heat in
the gas, strongly related to the condition of discharge
stability, and y2 is a nondimensional wave number.

B. Saha Equilibrium Case
In the case of the seeded combustion gas used as a working

fluid, when the electrode surface temperature is low and the
seed fraction is small, large electron thermal and ionization
nonequilibria exist near the surface.8 However, when the
surface temperature is high and the seed fraction is large, the
electron number density is appropriately given by Saha
equilibrium value for the gas temperature, and equations for
such a case can be obtained from Eqs. (34-36). This
corresponds to the limiting case where both the inelastic
electron energy loss factor and the electron-ion recombination
coefficient are infinitely large. Arranging Eq. (34) with these
conditions, perturbed electron number density is given by

Substituting Eq. (39) into Eqs. (35) and (36), the following
equations are obtained as fundamental equations for per-
turbations of gas temperature and current density:

t" +Prftf -\y2 + — \
L ft?

The Saha equilibrium equation, when electron thermal
equilibrium is attained, is given by

n2
e/(nK--ne)=2>(ZK+/ZK)(2<KmekT/hp)3/2e\v(-ti/kT)

(42)

where ZK+ and ZK are partition functions of potassium ion
and atom. Therefore, for a weakly ionized gas of Saha
equilibrium, the following equation is obtained.

(43)

C. Thin Region Model
A more simplified model is considered. Since the discharge

instability in the case of low-surface temperature is mainly
influenced by the region of low electrical conductivity near the
surface, considering d as a characteristic thickness of the low
electrical conductivity region in which physical quantities
under steady unperturbed conditions are assumed constant,
and neglecting the convection effect, Eqs. (40) and (41) are
transformed into the following forms.

(44)

(45)

where (*) denotes differentiation with respect to r}*(=y/5),
and nondimensional parameters are

hi = (d2J2
0/\aT)(d^nes/d^T)o

g=252J2
0/\aT

Equations (44) and (45) can be solved analytically in this case,
and will be used only when effects of the surface boundary
conditions of different physical situations on the discharge
instability are examined.

D. Boundary Conditions
The electrical boundary condition on the anode for ne is

given by the following equation, obtained by reasonably
assuming the ion flux to be finite across the sheath edge but
zero on the surface, from physical considerations of the anode
phenomenon.8

(46)

By substituting Eqs. (12-16) into Eq. (46), the surface
boundary condition for ne is obtained.

The boundary conditions for the steady-state equations,
Eqs. (17-20) for the flow and temperature fields are

(47)

,,=&/=/'= 0, e=

(48)

where

Z=

As for the boundary conditions for perturbation equations,
no perturbation is assumed in the main flow. On the other
hand, as the boundary condition on the surface, the following
three different kinds of boundary conditions are investigated
and the corresponding physical properties of the electrodes
are indicated in the parentheses.

(49)

] = 0: Z1jy+Z2n'e-hZ3ne + Z4t = 0 .

(i) f=0 (thermal-good conductor)

Jy = 0 (electrical-poor conductor)
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(ii) t = 0 (thermal-good conductor)

Jy = 0 (electrical-good conductor)

(iii) t ' — 0 (thermal-poor conductor)

jy = 0 (electrical-good conductor) (50)

where

=.Z- - (?/0)F2A2

The conditions of (i) and (iii) of Eq. (50) are not practical but
are expedient in order to investigate effects of low thermal or
electrical conductivity on the discharge stability by use of a
simplified thin region model previously mentioned.

As the numerical calculation shows, the edge of the
boundary layer is almost equivalent to 77 = 4.5, but perturbed
quantities sometimes have nonzero value at this point. It was
confirmed from the numerical result that t\ = 8 is a sufficiently
large value to be taken as the outer edge for perturbed terms,
and was then put into use in this paper. Among the surface
boundary conditions given by Eq. (50), condition (ii) is the
most practical for metal electrodes or condensed seed layer on
them; therefore, most of the calculations were made on
boundary condition (ii). The effect of these respective
boundary conditions (i), (ii), and (iii) on the discharge
stabiiilty will be investigated, by use of Eqs. (44) and (45), for
the simplified thin region model.

III. Results

A. Case of Electron Thermal and lonization Nonequiiibria
When the current density J0 under the steady-state con-

dition is given, basic steady-state distributions of unperturbed
physical quantities in the anode boundary layer are obtained
from Eqs. (17-20) and boundary conditions, Eqs. (47) and
(48), and based on this steady, unperturbed distribution, the
relation of eigenvalues of h2 and y2 is calculated by Eqs. (34-
36) and boundary conditions, Eqs. (49) and (50). The con-
dition (50 (ii)) is used as the surface boundary condition to
calculate the eigenvalue of perturbed fields. For h2 and 72, a
neutral stability curve for the discharge stability is obtained
by carrying out the numerical calculation previously men-
tioned on the various current densities. The steady, un-
perturbed hydrodynamical field is characterized by the
parameter of x/u^, because of the assumption of local
similarity as understood from H and R in Eqs. (17-20);
therefore, the calculation conditions are selected as
Jt/w00 = 1.0xl0-3s, 7^=2300 K, and ̂  = 0.03%. As long
as Reynolds number ( = uwx/v) is less than the critical
number of hydrodynamical transition for a laminar flow, this
analysis is valid for any pair of x and u^ which satisfy the
condition previously mentioned (for example, about x = 0.2 m
and Wo, =200 m/s for Rex = 2x 105). Calculations were made
for two cases of surface temperature 7^ = 1200 K and
Tw = 100 K, and effects of surface temperature on the
discharge stability were investigated. The neutral stability
curves for h2 and y2 thus obtained are shown in Fig. 2, by
which it was proven that a transition of discharge mode could
be generated as electrothermal instability for small per-
turbation of a specific wave number. That is, when the
parameter h2, expressed by Eq. (37), is smaller than the
critical value, discharge of diffuse mode is stable for small
perturbation at any wave number. However, when h2 exceeds

icr1 _ To, = 2300 K
XK = 0.03%
JC/u«=10"3s

1CT2-

icr3-

10*

- 2VX Jb2

~
12- 2VX
n ~ U«

Tw=1200K

Tw = 700K

1 t t , 1
10"4 10~3 10~2 1CT1 10°

Fig. 2 Neutral stability curves.

To>=2300K
Tw = 1200K
XK = 0.03%
X/Uoo=1CT3S
Jo = 2100A/m2

Fig. 3 Distributions of
basic and steady physical
quantities.

/ries(T)

1.0

0.5

0,

ne/nemax Tc
•Jy/Jymax Tw=1200K

x XK = 0.03°/o Fig. 4 Distributions of
perturbed physical

this critical value, it is considered that a transition of
discharge mode from diffuse to constricted occurs. The
current density corresponding to the critical value h2

cr for
TW = 1200 K is ycr=2100 A/m2, and for 7V=700 K is
/cr-500 A/m2. It was made clear from this fact that the
decrease of surface temperature remarkably reduces the
critical current density that could maintain diffuse mode
discharge. Effects of the distance x and the main flow velocity
ux on the critical current density can be examined from Eq.
(37), and it is found that the larger main flow velocity ux
increases the critical current density, while the larger distance
x decreases it. The steady-state distribution in the boundary
layer and the distribution of perturbed field under the con-
dition of critical point for Tw = 1200 K are shown in Figs. 3
and 4, respectively. It is seen from Fig. 3 that fairly large
electron thermal and ionization nonequilibria exist when the
surface temperature is low and the seed fraction is small, as
shown in Ref. 8. It is seen from Fig. 4 that the distribution of
perturbed field extends into the main flow region outside of
the thermal boundary layer.

B. Case of the Electron Number Density in Sana Equilibrium of Gas
Temperature

It is assumed that the electron number density is given by
Saha equilibrium value for the gas temperature, distributions
of electron temperature, and electron number density under
the steady-state condition are determined from the gas
temperature obtained from Eq. (18), and the relation of
eigenvalues of h2 and y2 is calculated from Eqs. (40) and (41)
and boundary conditions, Eqs. (49) and (50). Equation (50
(ii)), is used as the surface boundary condition in this case.
The neutral stability curves obtained regarding Ow as para-
meter are shown in Fig. 5. Figure 5 shows that the critical
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Fig. 5 Neutral stability curves in Saha equilibrium.

Fig. 6 Distributions of
perturbed gas temperature
corresponding to Fig. 5.

Fig. 7 Effects of surface 6

boundary conditions. 5

0 1 2 3 4 5 6

value for the electrothermal instability decreases more rapidly
with the surface temperature than in the case of electron
thermal and ionization nonequilibria, because in the latter
case the electron number density does not decrease as
remarkably with the surface temperature, due to the
nonequilibrium effect. In Fig. 6, distributions of gas tem-
perature perturbation at respective critical conditions are
shown, from which such a characteristic tendency is seen as
the region where temperature perturbation exists is getting
pushed down to the vicinity of the surface for the low surface
temperature. The curve of 6W = 0.52174 in Fig. 5 is equivalent
to that in the case of Tw = 1200 K, and comparing this with the
critical value in Fig. 2, in the case of Tw = 1200 K in electron
thermal and ionization nonequilibria, the critical value of the
equilibrium case is much lower than that of the
nonequilibrium case. It is because of the fact that the low-
electrical-conductivity region near the cold surface is the main
cause of the discharge instability and that the electron
nonequilibrium effect raises the electrical conductivity near
the surface.

C. Effect of Surface Boundary Condition
In order to investigate the effect of surface boundary

conditions of Eq. (50) on discharge stability, neutral stability
cruves for the respective boundary conditions of (i), (ii), and
(iii) are calculated by use of a simplified thin region model of

Eqs, (44) and (45). The steady-state distribution in this case is
assumed uniform in the region of thickness 5. The result
obtained is shown in Fig. 7. It is clear from the viewpoint of
physical meaning of the respective boundary condition that
electrode materials which are good thermal conductors but
poor electrical conductors are favorable for the stability of
diffuse mode discharge.

IV. Conclusions
A transition of discharge mode from diffuse to constricted

in the laminar boundary layer of the seeded combustion gas
over a cold anode is analyzed by use of a linear stability
theory, and the following conclusions have been obtained.

1) A transition of discharge mode from diffuse to con-
stricted can be generated as electrothermal instability for
small perturbations of a specific wave number, when a
parameter expressed by a ratio of Joule heat to conductive
heat in the gas exceeds a certain critical value.

2) The decrease of surface temperature remarkably reduces
the critical current density because the low surface tem-
perature makes the electrical conductivity near the surface low
and broadens the low-electrical-conductivity region.

3) The larger main flow velocity increases the critical
current density due to a decrease of the thickness of suf-
ficiently low-electrical-conductivity region near a cold
electrode. This thickness features the electrothermal in-
stability.

4) When the surface temperature is low and the seed
fraction is small, the electrical conductivity near the surface is
higher than the equilibrium electrical conductivity for the gas
temperature. Therefore, the critical current density is larger
than that when the electrical conductivity is assumed in Saha
equilibrium for the gas temperature.

5) Although the transition of discharge mode is mainly
caused by the low electrical conductivity near the surface of
the cold electrode, the perturbed field (particularly the current
density perturbation) extends into the main flow region.

6) The stability of diffuse mode discharge is enhanced
when one uses electrode materials of high thermal con-
ductivity but low electrical conductivity.
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